
MTH 166

Lecture-12

Solution of Higher Order Homogeneous 
LDE with Constant Coefficients-II



Topic:

Solution of Higher order Homogeneous LDE with Constant coefficients

Learning Outcomes:

1. Formulation of 3rd order  and 4th order homogeneous LDE when roots are given.

2. MCQ Practice.



Formulation of LDE: 𝒂𝒚′′′ + 𝒃𝒚′′ + 𝒄𝒚′ + 𝒅𝒚 = 𝟎 when Roots are given:

Let the three given roots be: 𝑚1, 𝑚2 and 𝑚3.

Then required 3rd order homogeneous LDE is:

𝑦′′′ − (sum of roots taken one at a time ) 𝑦′′ + (sum of roots taken one at a time ) 𝑦′

− (Product of roots)𝑦 = 0

i.e. 𝑦′′′ − 𝑚1 +𝑚2 +𝑚3 𝑦′′ + 𝑚1𝑚2 +𝑚2𝑚3 +𝑚3𝑚1 𝑦′ − 𝑚1𝑚2𝑚3 𝑦 = 0

or

Then required 3rd order homogeneous LDE is:

𝐷 −𝑚1 𝐷 −𝑚2 𝐷 −𝑚3 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥



Formulation of LDE: 𝒂𝒚𝒊𝒗 + 𝒃𝒚′′′ + 𝒄𝒚′′ + 𝒅𝒚′ + 𝒆𝒚 = 𝟎 when Roots are given:

Let the four given roots be: 𝑚1, 𝑚2, 𝑚3and 𝑚4.

Then required 4th order homogeneous LDE is:

𝐷 −𝑚1 𝐷 −𝑚2 𝐷 −𝑚3 𝐷 −𝑚4 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥



Find a homogeneous LDE with constant coefficients of lowest order which has 

the following particular solution:

Q 1. 5 + 𝑒𝑥 + 2𝑒3𝑥

Sol.  Here: 5 + 𝑒𝑥 + 2𝑒3𝑥 = 5𝑒0𝑥 +𝑒1𝑥 + 2𝑒3𝑥

So, 𝑚1 = 0,𝑚2 = 1,𝑚3 = 3

Then required 3rd order homogeneous LDE is:

𝑦′′′ − 𝑚1 +𝑚2 +𝑚3 𝑦′′ + 𝑚1𝑚2 +𝑚2𝑚3 +𝑚3𝑚1 𝑦′ − 𝑚1𝑚2𝑚3 𝑦 = 0

⇒ 𝑦′′′ − 0 + 1 + 3 𝑦′′ + 0 + 3 + 0 𝑦′ − 0 𝑦 = 0

⇒ 𝑦′′′ − 4𝑦′′ + 3𝑦′ = 0 Answer.



Q 2.     𝑥𝑒−𝑥 + 𝑒2𝑥

Sol.  Here: 𝑥𝑒−𝑥 + 𝑒2𝑥 = 0 + 1𝑥 𝑒−𝑥 + 𝑒2𝑥 𝑐1 + 𝑐2𝑥 𝑒𝑚1𝑥 + 𝑐3𝑒
𝑚2𝑥

So, 𝑚1 = −1,𝑚2 = −1,𝑚3 = 2

Then required 3rd order homogeneous LDE is:

𝑦′′′ − 𝑚1 +𝑚2 +𝑚3 𝑦′′ + 𝑚1𝑚2 +𝑚2𝑚3 +𝑚3𝑚1 𝑦′ − 𝑚1𝑚2𝑚3 𝑦 = 0

⇒ 𝑦′′′ − −1 − 1 + 2 𝑦′′ + 1 − 2 − 2 𝑦′ − 2 𝑦 = 0

⇒ 𝑦′′′ − 3𝑦′ − 2𝑦 = 0 Answer.



Q 3. 𝑒−𝑥 + cos 5𝑥 + 3 sin 5𝑥

Sol.  Here: 𝑒−𝑥 + cos 5𝑥 + 3 sin 5𝑥 = 𝑐1𝑒
𝑚1𝑥 + 𝑒𝛼𝑥 𝑐2 cos 𝛽𝑥 + 𝑐3 sin 𝛽𝑥

So, 𝑚1 = −1,𝑚2 = 0 + 5𝑖,𝑚3 = 0 − 5𝑖

Then required 3rd order homogeneous LDE is:

𝑦′′′ − 𝑚1 +𝑚2 +𝑚3 𝑦′′ + 𝑚1𝑚2 +𝑚2𝑚3 +𝑚3𝑚1 𝑦′ − 𝑚1𝑚2𝑚3 𝑦 = 0

⇒ 𝑦′′′ − −1 + 5𝑖 − 5𝑖 𝑦′′ + −5𝑖 + 25 + 5𝑖 𝑦′ − 25𝑖2 𝑦 = 0

⇒ 𝑦′′′ + 𝑦′′ + 25𝑦′ + 25𝑦 = 0 Answer.



Q 4. 1 + 𝑥 + 𝑒𝑥 − 3𝑒3𝑥

Sol.  Here: 1 + 𝑥 + 𝑒𝑥 − 3𝑒3𝑥 = 1 + 𝑥 𝑒0𝑥 + 𝑒𝑥 − 3𝑒3𝑥

So, 𝑚1 = 0,𝑚2 = 0,𝑚3 = 1,𝑚4 = 3

Then required 4th order homogeneous LDE is:

𝐷 −𝑚1 𝐷 −𝑚2 𝐷 −𝑚3 𝐷 −𝑚4 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥

⇒ 𝐷 − 0 𝐷 − 0 𝐷 − 1 𝐷 − 3 𝑦 = 0

⇒ 𝐷2 𝐷2 − 4𝐷 + 3 𝑦 = 0

⇒ (𝐷4−4𝐷3 + 3𝐷2)𝑦 = 0

⇒ 𝑦𝑖𝑣 − 4𝑦′′′ + 3𝑦′′ = 0 Answer.



MCQ Practice:

Q1. If 𝑒𝑥 , 𝑒4𝑥 are solutions of differential equation 𝑦′′ + 𝑎 𝑥 𝑦′ + 𝑏(𝑥)𝑦 = 0, then 

the values of 𝑎 𝑥 and b 𝑥 are:

(A) 𝑎 𝑥 = −5, 𝑏 𝑥 = 4 (B) 𝑎 𝑥 = 5, 𝑏 𝑥 = 4

(C) 𝑎 𝑥 = −5, 𝑏 𝑥 = −4 (D) 𝑎 𝑥 = 5, 𝑏 𝑥 = −4

Sol. Here 𝑚1 = 1,𝑚2 = 4

Given equation is: 𝑦′′ + 𝑎 𝑥 𝑦′ + 𝑏(𝑥)𝑦 = 0

Compare with:  𝑦′′ − 𝑚1 +𝑚2 𝑦′ + 𝑚1𝑚2 𝑦 = 0

𝑎 𝑥 = − 𝑚1 +𝑚2 = − 1 + 4 = −5 and 𝑏 𝑥 = 𝑚1𝑚2 = 1 4 = 4

Hence, Option (A) is right answer.



Q2. The intervals on which the differential equation 𝑦′ = 3
𝑦

𝑥
is normal are:

(A) −∞, 0 , (0,∞) (B) (−∞,∞)

(C) −∞, 1 , (1,∞) (D) None of these.

Sol. Given equation is: 𝑥𝑦′ − 3𝑦 = 0 (1)

Compare with:  𝑎0𝑦
′ + 𝑎1𝑦 = 0

1. ቅ
𝑎0 = 𝑥
𝑎1 = −3 Being polynomials, 𝑎0, 𝑎1 are continuous on (−∞,∞)

2. 𝑎0 ≠ 0 ⇒ 𝑥 ≠ 0

Equation (1) is normal on subintervals: −∞, 0 , (0,∞)

Hence, Option (A) is right answer.



Q3. If 𝑦 = 𝑒𝑎𝑡 is solution of 𝑦′′ − 5𝑦′ + 4𝑦 = 0, then possible value of 𝑎 is:

(A) 𝑎 = 2 (B) 𝑎 = 3

(C) 𝑎 = 4 (D) 𝑎 = 5

Sol. Given equation is: 𝑦′′ − 5𝑦′ + 4𝑦 = 0 (1)

S.F. : 𝐷2 − 5𝐷 + 4 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥

A.E. : 𝐷2 − 5𝐷 + 4 = 0 ⇒ 𝐷 − 4 𝐷 − 1 = 0

⇒ 𝐷 = 4,1 (real and unequal roots)

Let 𝑚1 = 4 and 𝑚2 = 1

∴ General Solution of equ. (1) is: 𝑦 = 𝑐1𝑒
𝑚1𝑥 + 𝑐2𝑒

𝑚2𝑥

⇒ 𝑦 = 𝑐1𝑒
4𝑥 + 𝑐2𝑒

1𝑥 ⇒ 𝑎 = 4 or 𝑎 = 1

Hence, Option (C) is right answer.



Q4. The general solution of 𝑦′′ − 9𝑦 = 0 is:

(A) 𝐴𝑒−3𝑥 + 𝐵𝑒3𝑥 (B) 𝐴𝑒3𝑥 + 𝐵𝑒3𝑥

(C) 𝐴𝑒−3𝑥 + 𝐵𝑒−3𝑥 (D) None of these

Sol. The given equation is: 𝑦′′ − 9𝑦 = 0 (1)

S.F. : 𝐷2 − 9 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥

A.E. : 𝐷2 − 9 = 0 ⇒ 𝐷2 = 9 ⇒ 𝐷 = ±3 (real and unequal roots)

Let 𝑚1 = −3 and 𝑚2 = 3

∴ General Solution of equation (1) is given by:

𝑦 = 𝐴𝑒𝑚1𝑥 + 𝐵𝑒𝑚2𝑥 ⇒ 𝑦 = 𝐴𝑒−3𝑥 + 𝐵𝑒3𝑥

Hence, Option (A) is right answer.



Q5. The general solution of 𝑦′′ + 4𝑦 = 0 is:

(A) (𝐴𝑐𝑜𝑠2𝑥 + 𝐵𝑠𝑖𝑛 2𝑥) (B) 𝐴𝑒2𝑥 + 𝐵𝑒−2𝑥

(C) (𝐴 + 𝐵𝑥)𝑒−2𝑥 (D) None of these

Sol. The given equation is: 𝑦′′ + 4𝑦 = 0 (1)

S.F. : 𝐷2 + 4 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥

A.E. : 𝐷2 + 4 = 0 ⇒ 𝐷2 = −4 ⇒ 𝐷 = ±2𝑖 (complex roots)

Let 𝑚1 = 0 + 2𝑖 and 𝑚2 = 0 − 2𝑖

∴ General Solution of equation (1) is given by:

𝑦 = 𝑒0𝑥(𝐴𝑐𝑜𝑠2𝑥 + 𝐵𝑠𝑖𝑛 2𝑥)⇒ 𝑦 = (𝐴𝑐𝑜𝑠2𝑥 + 𝐵𝑠𝑖𝑛 2𝑥)

Hence, Option (A) is right answer.



Q6. The Wronskian of functions: 1, sin 𝑥, cos 𝑥 is:

(A) 0 (B) 1

(C) −1 (D) None of these

Sol. Let 𝑦1, 𝑦2, 𝑦3 = 1, sin 𝑥, cos 𝑥

Wronskian, 𝑊 =

𝑦1 𝑦2 𝑦3
𝑦1

′ 𝑦2
′ 𝑦3

′

𝑦1
′′ 𝑦2

′′ 𝑦3
′′

=
1 sin 𝑥 cos 𝑥
0 cos 𝑥 − sin 𝑥
0 − sin 𝑥 − cos 𝑥

Expanding by first column:

𝑊 = 1 −𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛2𝑥 − 0 + 0 = −1 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = −1

Hence, Option (C) is right answer.



Q7. The general solution of 𝑦′′ − 10𝑦′ + 25𝑦 = 0 is:

(A) 𝐴𝑒4𝑥 + 𝐵𝑒5𝑥 (B) 𝐴𝑒5𝑥 + 𝐵𝑒5𝑥

(C) 𝐴𝑒4𝑥 + 𝐵𝑒7𝑥 (D) 𝐴𝑒5𝑥 + 𝐵𝑥𝑒5𝑥

Sol. Given equation is: 𝑦′′ − 10𝑦′ + 25𝑦 = 0 (1)

S.F. : 𝐷2 − 10𝐷 + 25 𝑦 = 0 where 𝐷 ≡
𝑑

𝑑𝑥

A.E. : 𝐷2 − 10𝐷 + 25 = 0 ⇒ 𝐷 − 5 2 = 0

⇒ 𝐷 = 5, 5 (real and equal roots)

Let 𝑚1 = 5 and 𝑚2 = 5

∴ General Solution of equation (1) is given by:

𝑦 = (𝐴 + 𝐵𝑥)𝑒𝑚1𝑥 ⇒ 𝑦 = 𝐴 + 𝐵𝑥 𝑒5𝑥 ⇒ 𝑦 = 𝐴𝑒5𝑥 + 𝐵𝑥𝑒5𝑥

Hence, Option (D) is right answer.



Do More Practice of MCQ and identify the areas which need more 

attention
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Thank You

Have a nice day
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